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Abstract 



The study at the lavel of algebras of the pentagon equation R^^R^^B?^ = R^^R^^ 
leds to the Structure and Classification theorem for finite dimensional Hopf algebras. 
We shall prove that L is a finite dimensional Hopf algebra if and only if there exists 
t;!" ■ an invertible matrix R = (Aij)ij=i^n G -^n'^ik) — M.n{k) ^ j^n{k), solution of the 

, pentagon equation "^^^^ Aij (g) Ajp = R{Aip (g) In)R''^, such that L = P{M.nik),R) = 

(^ I P{n,R). Finally, we prove the Classification Theorem: there exists a one to one 

^^ ■ correspondence between the set of types of n-dimensional Hopf algebras and the set 

^ ! of orbits of the action GLn{k) x {Mn{k) ® Mn{k)) -^ Mn{k) Mnik), {u,R) -^ 

1 -^ I (n (g) u)R{u ® u)~^ , the representatives of which are invertible solutions of length n for 

C^ ' the pentagon equation. 

.J Introduction 

X 

c^ \ The theory of Hopf algebras proved to be a unifying framework for problems arising from 

different fields like: groups theory, Galois theory, affine algebraic groups. Lie algebras, local 
compact groups, operator algebras and quantum mechanics. Recently, using the classification 
of finite groups as a model, first steps were taken towards the classification of certain types of 
finite dimensional Hopf algebras. The techniques used are extremely diverse and the theory 
of Hopf algebras classification is far from being completed (see the review paper [0 and its 
list of references) . 

In this paper we shall study, at the lavel of algebras, the pentagon equation (also called 
the fusion equation) R^^R^^R^^ = R^^R^^, untill now analyzed mainly in the theory of 
C*-algebras (see [0 and the references indicated here). Let G be a locally compact group 
and dg a right Haar measure on G. Then the operator VciOi^j^) = C{st,t) is a solution 
of the pentagon equation. Let if be a separable Hilbert space and R G C{H ^ H) he a. 
unitary solution of the pentagon equation. If R is commutative, then R is equivalent to 
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Vg eg) ldK(S)K, for a focally compact group G and a Hilbert space K [^ Theorem 2.2]. If // is 
finite dimensional, then 0, Theorem 4.7 and Theorem 4.10] proves that R is equivalent to 
Vs<S)ldK^K where, this time, S is the Woronowicz C*-algebra associated to R. R. M. Kashaev 
shows in Q] that the operator Vg is in fact the "coordinate" representation of the canonical 
element associated to the Heisenberg double of the group algebra kG. This remark will play 
an important role in proving the structure of Pent , the category of pentagon objects: the 
objects of it are pairs {A, R) where ^ is a finite dimensional algebra and R E A ^ A is 
an invertible solution of the pentagon equation R^'^R^^F^^ = R^^R^'^ m. A <^ A ® A. Let 
Hopf be the category of finite dimensional Hopf algebras, L G Hopf and TilL) = L^L* 
the Heisenberg double of L. 7i{L) is an algebra (we shall prove, using Morita theory, that it 
is isomorphic to the matrix algebra Aidim{L){k)) the representations of which are the classic 
Hopf modules ^A4l- O' Theorem 5.2] and f^. Theorem 1] proves that the canonical element 
TZ G Hi^L) (g) 7i(L) of the Heisenberg double is a solution of the pentagon equation. Using 
a similar construction to the one of P. S. Baaj and G. Skandalis (f^), we shall prove that 
there exists a functor 

P : Pent -^ Hopf , {A, R) -^ P{A, R) 

such that L = P{1-C{L),TZ) for any L G Hopf. The structure of the solutions for the 
pentagon equation shows that, up to an algebra map, these solutions are canonical elements 
of varoius Heisebergs: i.e. {A, R) G Pent if and only if there exists L G Hopf and an algebra 
map F : n{L) -^ A such that R = {F F){JZ), where 7^ G H{L) ® n{L) is the canonical 
element of the Heisenberg double T-C{L). The role of the Hopf modules category in solving 
the pentagon equation was evidenced before in |jl5|. Proposition 1.3] and independently in 



T^ , where, in the equivalent context of the Hopf equation, a FRT type theorem was proved. 
Using the Fundamental Theorem for Hopf modules, a Lagrange type theorem is proven: for 
{A, R) G Pent, A is free as a right P{A, i?)-module and dim(A) = dim{P{A, R))dim{A^'''), 
where A^'^ is the subspace of what we called the right i?-coinvariants of A. The most 
important consequence of the results mentionated above is the fact that they led us to the 



Structure and the Classification theorem for finite dimensional Hopf algebras. Theorem ^ 
proves that L is a finite dimensional Hopf algebra if and only if there exists a invertible 
matrix R G A^„(A;) 7W„(A;) = J^^'^^k), solution of the pentagon equation, such that L = 
P{Ain{k), R) = P{n, k). The actual description, in terms of R, of the Hopf algebra structure 
of P{n, R) is obviuosly included: P{n, R) is the subalgebra of A1„(fc) of the left coefficients 
of R with the comultiplication given by A(a;) = R~^{In ® x)R, for all x G P{n,R). By 
writing R as R = (Ajj)j j=i „ G A^„2(A;) = A^„(A;) (^A4n{k), for some matrices Aij G A^„(A;), 
we get a much more elegant form of the pentagon equation for R 



E 



/±ij (Jy -Ajp — ^\-^ip yy J-n)^ 



for all i, p = 1, ■ ■ ■ n.[] Theorem 3^ is the Classification Theorem: there exists a one to one 



correspondence between the set of types of n-dimensional Hopf algebras and the set of orbits 
of the action 



GLn{k) X {Mn{,k) ® Mn{k)) -^ Mn{k) ® Mn{k), {u, R) ^ {u® u)R{u ® u)'^ 



Hi A and B G Mnik), A® B G A4„2(fc) is the Kronecker product of A and B. 



the representatives of which are invertible solutions of length n for the pentagon equation. 
In this way, the theory of finite dimensional Hopf algebras classification is reduced to a new 
Jordan type theory, which we called restricted Jordan theory, to be studied in more depth 
in another paper. 

1 Preliminaries 

Throughout this paper, k will be a commutative field. Unless specified otherwise, all vector 
spaces, algebras, Hopf algebras, tensor products and homomorphisms are over k. Let V be 
a finite dimensional vector space and ^p : V ^ V* ^ End (V), ip{v v*){w) = {v*, w)v be the 
canonical isomorphism. We recall that the element R := Lp~^ (Idy) is called the canonical 
element oi V ^ V* . Of course 

n 

i? = ^ Ci ® e • 
j=i 
where {cj, e* | i = 1, ■ ■ ■ , n} is a dual basis and R is independent of the choice of the dual 
basis. 

For a /c-algebra A, A4a (resp. a-M.) will be the category of right (resp. left) A-modules 
and A-linear maps. Ain{k) will be the /c-algebra of n x n-matrices and GLn{k) will be 
the group of invertible n x n-matrices. We shall denote by {cij) the canonical basis of 
Ain{k)'. Cij is the matrix having 1 in the (z, j)-position and elsewhere. An n-dimensional 
A;-algebra A is viewed as a subalgebra of Ain{k), via: A C End (A) = 7Vln(k). li A = (aij), 
B = (bij) G Ain{k) then, via the canonical isomorphism Ain{k) Ain{k) = Ain'^ik), A^ B 
viewed as a matrix of 7Vf„2(A;) is given by the Kronecker product: 

(aiiB ■ ■ ■ ainB 

ttnlB ■ ■ ■ ttnnB 

Let ^4 be a fc- algebra and Oj^R='^R^^R^eA^A. Let R(i), R(^r) be the subspaces of 
left, respectively right coefficients of R, i.e. 

i?(;) = {^(a*, R^)R^ I a* G A*}, i?(,) = {^^(o*, R^)R^ \ a* G A*} 

Let us assume that R = Yl^i (^i ^ bi, where m is as small as possible. Then m is called 
the length of R and will be denoted 1{R) = m. From the choice of m, the sets {oj | i = 
l,---,m.}, respectively {bi \ i = l,---,m} are linear independent in A and hence bases 
of R(i), respectively R(r)- In particular, dim(i?(/))=dim(i?(r) )=/(/?). Two elements R and 
SeA^A are called equivalent (we shall write R ^ S) if there exists u G U{A) an invertible 
element oi A such that S = ""i? := {u^u)R{u^u)~^. If /? ~ 5" then l{R)=l{S). In particular, 
if {ttj \ i = 1,- ■ ■ , m} is a basis of R^i), then {uaiU~^ \ i = 1,- ■ ■ , m.} is a basis of ^R{i)- 
For coproducts and comodules we use Sweedler's notation with suppressed summation sign: 
if L is a Hopf algebra, then for all / G L we write A(/) = /(i) ® /(2), (A ® Id)A(/) = 
(Id A)A(/) = /(I) /(2) /(3). If {M,pm) is a left L-comodule, then we write pM(jn) = 
m<_i> 'n^<o> G -^ ® M, for all m G M. ^M. (resp. J^^) will be the category of left (resp. 
right) L-comodules and L-colinear maps. 



1.1 The Heisenberg double and Hopf modules 

Let L be a Hopf algebra with a bijective antipode. We recall that a right-left L-Hopf module 
is a threetuple (M, -jp), where (M, ■) is a right L-module, {M,p) is a left L-comodule such 
that the following compatibility relation holds 

p{m-l) = p{m)A{l) (2) 

for all/ e L, m e M. ^}Al will be the category of right-left L-Hopf modules and L-linear, L- 
colinear maps. If l^ is a vector space, then V®L is a L-Hopf module via {v®l) -g := v^lg, and 
V ® I —^ /(I) ® f (8> 1(2), for all V E V, I, g E L. Thus we have a functor — ® L : Ai^ — * ^A^l, 
F ^ y ® L. Let {-yW : ^A^^ ^ A^^, M -^ M^°^^^ = {m e M \ p{m) = l^ ® m} 
be the functor that associates to each M its coinvariants. The Fundamental Theorem for 
Hopf modules [|16] (in the right-left version) shows that for any L-Hopf module M the 
multiplication map p : M^°^^^ ® L — ;► M, p{rn I) = m ■ I is an isomorphism of L-Hopf 
modules with the inverse /5 : M — > M^"^^^ ® L, /3(m) = ??2<o> ■ 5'^^(?Ti<„i>) (S)m<_2>. Hence, 
(- ® L) o (-)=°(^) ^ Ulml- As we also have that (-)™(-^) o (- ® L) = Id^fe, we obtain that 
the functors —®L: M.k — ^ ^M-l, {—Y°^^^ : -^AIl -^ A^^ define an equivalence of categories. 
The same is valid for all left-right types of L-Hopf modules: lAI^, Aij^ or ^Al. For instance, 
let L-M^ be the category of left-right L-Hopf modules whose objects are left L-modules and 
right L-comodules M such that p{l ■ m) = A{l)p{m) for all / G L, m G M. For this category 
the inverse of the multiplication map L ® M'^"^^^ —> M, in the Fundamental Theorem, is 
given by a^m) = m<2> 5'~^(m<i>) ■ m<o>, for all m G M. To conclude, if the antipode of 
L is bijective, then we have the equivalences of categories 

We recall that L* is a left L-module algebra in the usual way {h ■ g*,h') = {g*, h'h) for all h, 
h' E L, g* E L*. The Heisenberg double of L is by definition the smash product 

nil) = Li^L\ 

i.e. 7i(L) = L ® L* as a vector space, and the multiplication is given by 

{hi^h*){gi^g*) = h(2)gi^h*{h(,y g*) = /i(2)<7#r (/, ?/i(i)) 

for all h, g E L, h*, g* E L*. 'H{L) is an associative algebra with the unit IlJj^El. The 
Heisenberg double 'H{L) = Ljj^L* is in fact a particular case (for the Doi-Koppinen datum 
(i?, ^4, C) = (L, L, L)) of the general smash product A^C* introduced in [^] in the right-right 
version. The right-left version of it and the above description of the Heisenberg double is 
given in [Q . The canonical isomorphism of vector spaces 

y.:7^(L) ^End(L) = Aldim(L)(k), ¥^(l#r)(g) = (r,g)l 

is not an algebra map. However, we can prove the following 

Proposition 1.1 Let L be a finite dimensional Hopf algebra. Then there exists an algebra 
isomorphism 

7^(L)=Aldim(L)(fc). 



Proof. As L is finite dimensional, the functor 

T-.'^ML^MniD, T{M) = M 

wliere tlie riglit 7i(L)-action on M is given by 

m • (li^r) = (/*, m<_i>)m<o> ■ / 

is an equivalence of categories (0). As the antipode of L is bijective ([|16|) we have the 
following equivalences of categories 

i.e. TilL) is Morita equivalent to k. It follows from the Morita theory that there exists an 
algebra isomorphism TC{L) = Mn{k). Taking into account that dim(7i(L)) = dim(L)^, we 
obtain that n = dim(L). D 

Remark 1.2 The A;-linear maps 

iL:L^n{L),iL{l) = li^eL and II, : L* ^ H{L), iL,{r) = l^i^l* 

for all I & L, I* & L* are injective algebra maps. Seeing a smash product, the Heisenberg 
double Ti-{L) satisfies the following universal property: given an algebra A and the algebra 
maps u : L ^ A, V : L* ^ A such that 

uil)v{n = i;(/(i) ■ l*Hli2)) (3) 

there exists a unique algebra map F : 7i(-L) —>■ A (given by F{l^l*) := v{l*)u{l), for all 
I e L, I* e L*) such that 

F o ij^ = u, F oii^* = V (4) 

1.2 The pentagon equation 

Definition 1.3 Let A he an algebra and R = 'Y^R^ ® E? E A® A he an invertible element. 
We shall say that R is a solution of the pentagon equation if 

^12^13^23 ^ ^23^12 (5) 

in A^ A^ A. R is called unitary if 1a G R{i) H R(r), i-^- there exist X, u E A* such that 

Y,{^,R')R' = J2{^,R')R' = U (6) 

Pent will be the category of the (finite) pentagon objects: the objects of it are pairs {A, R), 
where ^4 is a finite dimensional algebra and R E A ® A is an invertible solution of the 
pentagon equation. A morphism / : {A, R) — > {B,T) between two pentagon objects {A, R) 
and {B,T) is an algebra map f : A ^ B such that (/ ® f){R) = T. Pent is a monoidal 
category under the product {A, R) ® {B, T) := {A ® B, R^^T'^'^). 



Let R ^ A^ Abe an invertible solution of the pentagon equation. The subspaces of A 

A^'^ = {ae A\ R{a (g) 1^) = a (g) 1a} and A^'"" = {a E A \ {1a <S) a)R = U (g) a} 

are called the spaces of left, respectively right, R-coinvariants of A. On the other hand, the 
subspaces 

^'^A = {ae A\ R{1a O a) = 1a O a} and ^'M = {a G A | (a (g) 1a)R = a (g 1a} 

are called the spaces of left, respectively right, R-invahants of A. 

Remarks 1.4 1. i? is a solution for the pentagon equation if and only if T = R~^ is a 
solution of what we called in fll the Hopf equation: T^^T'^^ = j^aa^-is^-ia 



2. Let i? e A (g A be an invertible solution of the pentagon equation. If the subspaces 
A^''' and A^'^ are non-zero then R is unitary. Indeed, let a 7^ be an element of A^'^ and 
R = YllLi di ® bi G A® A, where m = 1{R). Then J21Li '^i'^ ® hi = a ® 1a and hence, 
1a = X]i!Li(0'*)'^i^)^j ^ -R(r), where a* G A* such that {a*, a) = 1. Similarly, if A^'"" ^ 
then 1a G -R(;). It follows from Corollary p.2| that an invertible solution of the pentagon 
equation is unitary if and only if the spaces A^''- and A^'^ are nonzero. On the other hand. 
Corollary |2]^ proves that if A is finite dimensional, any invertible solution of the pentagon 
equation is unitary. 

3. In some applications, the algebra A is of the form A = Endk(M), where M is a vector 
space over k. Then we can view R as an element of Endk(M (g M), using the natural 
embedding Endk(M)(gEndk(M) C Endk(M(gM), and the pentagon equation as an equation 
in Endk(M (g M (g M). It was proved in P, Proposition 7.1] that there exists a bijective 
correspondence between all structures of monoidal categories on the category of vector spaces 
over k and all bijective solutions R G Endk(M (g M) of the pentagon equation on various 
A;- vector spaces M. 



Examples 1.5 1. Let R e A ® A he an invertible solution of the pentagon equation and 
f : A ^ B an algebra map. Then (/ (g f){R) G 5 (g S is an invertible solution of the 
pentagon equation. 

2. If i? G yl (g A is a unitary invertible solution of the pentagon equation and u G U{A) is 
an invertible element of A, then "i? = (m (g u)R{u (g u)~^ is a unitary invertible solution of 
the pentagon equation. 

3. Let A be an algebra a, h e A and R e A® A given by 

R=lA®lA + a®h. 
Then i? is a solution of the pentagon equation if and only if 

a (g (a6 - 6a - 1) (g 6 = a (g a (g 6^ + a^ (g 6 (g 6 + a^ (g 6a (g 6^ (7) 

Now, if we take a and 6 such that 

a^ = 6^ = and ah — ha = 1 fS) 



or 

,2 



a = 0, b = b and ab — ba = a + 1 (9) 

then (j^) is satisfied and R is an invertible solution of the pentagon equation. 

We shall give some specific examples of these types in the case that A = Ain{k)- First, in 

both cases, it follows from the last equation that char(A;)|n. 

Assume now that char(fc) = 2 and let n = 2q, where g is a positive integer. Then 

a = ei2 + 634 H h e2q-l,2q, & = 621 + 643 H h e2q,2q-l 

is a solution of (H), and hence R = In® In + Yl'ij=i ^2i-i,2i ® 62^,2^-1 is an invertible solution 
of the pentagon equation. On the other hand, for an arbitrary invertible matrix X e A4q{k), 
the matrices a, b E M.n{k) given by 



en + 622 H eqq, (^= [ X I 



In X- 



are solutions of (^ and hence R = Rx = In® In + Yl'i=i '^ ® ^a i^ an invertible solution of 

the pentagon equation. 

4. Let (M, ■, p) G L-M.^ be a L-Hopf module over a Hopf algebra L. Then the map 

R{M,-,p) ■ M ® M ^ M ® M, i?(M,.,p)(m(g)n) = m<o> (S)m<i> -n (10) 



is a bijective solution of the pentagon equation in Endk(M®M(8)M) (JT^, [[T^)- Conversely, 

if M is finite dimensional and R G Endk(M ® M) is a solution of the pentagon equation, 

then there exists a bialgebra B{R) such that (M, ■,p) G b{r)-M^^^^ and /? = R{^m,-,p)] this is 

T^ , Theorem 3.1] taking into account the equivalence between the Hopf and the pentagon 



equation: i? is a solution of the pentagon equation in Endk(M ® M M) if and only if tRt 
is a solution of the Hopf equation, where r G Endk(M ® M) is the fiip map. 



Proposition 1.6 Let A he an algebra and R E A® A an invertible solution of the pentagon 
equation. Consider the comultiplications A^ , Ai : A ^ A ® A, given by 

Ar{a) = R-\1a ®a)R = J2 U^R^ ® U'^^^R^ (H) 

Ai{a) = R{a ® 1a)R'^ = J2 ^^^^^ ® ^^^^ (^2) 

where U = ^U^ ® U"^ = R^^ . Then A^ = {A,-,Ar) and Ai = (^4, -jA^) are bialgebras 
without counit. 

Proof. It is obvious that A^, A/ are algebra maps. For a E A we have 

(Id ® A,)A,(a) = (i?23)-i(i?i3)-i(i^ ®1a® a)R^^R^^ 

and 

(A, ® ld)Ar{a) = iR^^)-\R^^y\lA ®Ia® a)R^^R^^ 

7 



so Ar is coassociative if and only if 

R''R'\R'-')-\R'-')-\U ®lA®a) = (U ® U ® a)R''R'\R''r\R''r\ 

Using the pentagon equation (j^), we find that this is equivalent to 

R^^iU (S)lA®a) = {1a (S)Ia(S) a)R^^ 

and this equality holds for any a & A. In a similar way we can prove that A^ is also 
coassociative. D 

It follows from Proposition |1.6| that we can put two different algebra structures (without 
unit) on the dual A*: the multiplications are the convolutions */ and *r which are the dual 
maps of A; and A^, i.e. 

{io *i to', a) = ^(cj, R^aU^) {u\ R^U^) (13) 

{uj*rOo',a) = ^{uj,U^R^){uj\U'^aR^) (14) 

for all w, u' ^ A*, a^ A. 

Aside from the invertibility condition for 7^, the following theorem is |1^, Theorem 5.2] and 
P, Theorem 1]. In |T^, the Heisenberg double does not appear explicitely, and in the 
Heisenberg double is described in terms of structure constants, and not as a smash product. 
For this reason, and for the reader's convenience, we shall present the proof. 

Theorem 1.7 Let L he a finite dimensional Hopf algebra and {cj, e* \ i = 1,- ■ ■ ,n} a dual 
basis of L. Then the canonical element 

'R- = $^(e.#£) ® (l#e*) G n{L) ® n{L) 

i 

is an invertible solution of the pentagon equation in 'H{L) ® 'H{L) ® 7i{L). 

Consequently, if A is an algebra and f : H^L) —^ A an algebra map, then (/ f){J^) is an 

invertible solution of the pentagon equation in A® A® A. 

Proof. Taking into account the multiplication rule oi 7i{L) we have 

n'^n'' = 5^(e,#£) ® (e,(,,#e,,,, ■ e*) ® (l#e*) 

and 

a,b,c 

SO we have to prove the equality 

y^ ej ® ei(2j (g) Cijjj ■ ^j ® e** = X] (^aCb ® fie (g) e* (g) e^e* (15) 

i,j a,b,c 

8 



in L L ® L* ® L*. Let's fix the indices x, ?/, z and t = {!,■■■ ,n} and evaluate (|T5|) at 
e* ® e* 62 (S) Ci. ([T5|) is then equivalent to 

which can be obtained by applying the definition of the convolution product and the dual 
basis formula in the right hand side. We shall prove now that 

U = ^(5(e.)#£) ® (l#e*) 

i 

is the inverse of R, where S is the antipode of L. Since 7^(L) (X> ^^{L) is isomorphic to 

Mn2{k), it is enough to prove that RU = 1 ® 1. As RU = J2i.ji^iSi^j)i^^) ® (l#e*e*), we 
have to prove the formula 

22 6j'S'(ej) e*e* = 1® e 

which holds, as for indices x,y=l,---,nwe have 

2_^{el,eiS{ej)){e*e*,ey) = / Je*, eiS{ej)){e*, e^^^^)(e*, e^^^^) 

n 
2 The solutions of the Pentagon equation 

We shall set some notations that will remain valid during the rest of the paper: R = 
^ i?^ ® -R^ G A ® A will be an invertible solution of the pentagon equation, where A is an 
algebra. Let i?(;), R(^r) be the subspaces of left, respectively right coefficients of R. We shall 
denote them as follows 

P = P{AR) := i?(z), H = H{A,R) := i?(,). 

Assume now that R = X^I^i ^i ® ^iy where m = 1{R). The fact that m is minimal implies 
that the sets {a, | z = 1, ■ ■ ■ , m} and {&, | z = 1, ■ ■ ■ , m} are basis of P = i?(;) and H = R(r)- 
In particular, dim(P)=dim(if) = 1{R) = m. Now consider a* G P* and 6* G H* such that 
{oj, a*} and {&,, 6*} are dual bases of P and i^: (a*, Cj) = 5jj = {b*, bj). Extend a* : P —>■ k 
and b* : H ^ k to respectively Ut : A ^ k and Aj : A — > A;. We then have 

m m 

^{ujk,ai)bi = bk and ^aj{Xk,bj) = ak (16) 



for all k = l,---,m. We will use two different notations for R: R = Yl^i^i ® ^i = 
YlT=i^j ® ^i) when we are interested in the basis elements of P and H, and the generic 
notation i? = ^ i?i i?2 ^ ^ r^ (g) r^ = r and f/ = R'^ = Y^U^ f/2. 
The construction from part 1) of the next theorem is bassically the one of P. S. Baaj and 
G. Skandalis 0, for a unitary solution of the pentagon equation R G C{H <S) H), where H 
is a separable Hilbert space. Part 3) together with Theorem ^T^ give the structure of the 
category Pent . Part 4) is a Lagrange type theorem and the last part will play a role in the 
clasification of finite dimensional Hopf algebras. 

Theorem 2.1 Let A be an algebra, R = ^R^ R'^ E A® A an unitary invertible solution 
of the pentagon equation and P = P{A,R) = R{i), H = H{A,R) = R(r) the subspaces of 
coefficients of R. Then: 

1) P and H are subalgebras of A and Hopf algebras with the comultiplications given by the 
formulas 

Ap:P^P®P, Ap{x)=Ar{x) = R-\lA(S)x)R (17) 

Ah:H^H0H, AHiy) = Aiiy) = R{y0lA)R-' (18) 

for all X E P, y E H. Furthermore, the subalgebra Aji of A generated by H and P is finite 
dimensional and dim{Ap) < 1{R)'^. 

2) The k-linear map f : P* ^ H , f{p*) = "^{p*, R^)R^ is an isomorphism of Hopf algebras. 

3) The k-linear map F : 'H{P) —>■ A, F{p^p*) = "^{p*, R^)R'^p is an algebra map and 
R = {F ^ F){TZ), where TZ G 'H{P) ® 'H{P) is the canonical element associated to the 
Heisenberg double. 

4) The multiplication on A defines isomorphisms 

j^R,r (^p^j^ (resp. H ® A^'^ = A) 

of right P-modules (resp. left H -modules) . In particular, A is free as a right P-module and 
as a left H -module and, if A is finite dimensional 

dim(P) = dim(//) - ^^"^(^) - ^^"^(^^ 



dim(A^'0 dim(A«-'-) ' 

5) If f : A ^ B is an algebra isomorphism and S = {f ® f){R), then the Hopf algebras 
P{A, R) and P{B, S) are isomorphic. Consequently, there exists an Hopf algebra isomor- 
phism P{A,R) = P{A,''R), for any u e U{A). 

Proof. 1) We shall use the notations introduced above. First we shall prove that P (resp. 
H) are unitary subalgebras in A and subcoalgebras of Ar = {A,Ar) (resp. Ai = (^4, A^)). 
This will follow from the formulas: 

m m 

(ipttg = /J(Ap */ Xq, bj)aj G P, Ar{ap) = V^ (Ap, hihj)ai ® aj E P ® P (19) 

j = l i,jr = l 



and 



hphq = 2J(^P *r ^q, Cij)bj G H, Ai{bp) = 22 (^P' (^i^j)^i ®hj E H ® H (20) 

10 



for all p, g = 1, ■ ■ ■ , m. We prove (|19|) , (being similar, (^) is left to the reader). 

m J — ■ m 

J=l 3=1 

m 

= {Id ®Xp^Xg){J2aj^R^bjU^®R^U^)) 

= (Id ® Ap ® Ag)(i?23i?12(^23)-l) i (j^ ^ ^^ ^ A,)(i?^2^^3) 

= (Id Ap (g) Ag) ( ^ ajOA; (g) 6j (g) bk) 
j,k=i 

m 
~ ^_^ CLj{Xp,bj)ak{Xq,bk) = ttpttq 

j,k=l 
i.e. P is a subalgebra of A. On the other hand 

Ar{ap) ® A,(^ ttjiXp, b,)) ® Yl ^'^' ® U\jR\Xp, bj) 

= (Id®Id(g)Ap)(^?7^i?^®?72aji?2®6j) 

= (Id ® Id ® Ap)((i?^2^-ii?23i?i2) § (j^ ^ j^ ^ Xp){R'^R''^) 

m m 

= (Id (g) Id Xp){y^ ttj (g) Oj ® 6j6j) = y^ tti ® aj{Xp, bibj) 



i.e. P is a subcoalgebra in {A,Ar). A similar computation yields (pO[) , proving that i^ is a 
subalgebra of A and a subcoalgebra in {A, A;). As R is unitary, 1a G PdH, i.e. P and if are 
unitary subalgebras of A. Moreover, from the construction we have that R^P^HgA^A 
and hence we can view U = R~^ & P ® H. 

We shall define now the counit and the antipode of the Hopf algebras P and H. They are 
given by the formulas: 

ep:P-^k, £p(afc) = (6*,U), Sp : P ^ P, Sp{au) = Y,U\bl,U^) (21) 

and 

SH-.H^k, eHibk) = {al,U), Sh : H ^ H, ^^(M = $^K, ^')f^' (22) 

for all k = 1,- ■ ■ ,m. We shall prove that P is a Hopf algebra; the fact that ii^ is a Hopf 
algebra is proved in a similar way. First, we remark that, as iiT is a subalgebra of A, the 
comultiplication from (|1^) can be rewritten as 

m 

Ar{ap) = ^ (6*, bibj)ai (g) a^ (23) 
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Now, for p = 1, ■ ■ ■ , m we have 

I — . m m 

(Id®£p)A,,(a,) ^ 5^a,(6;,M,)(6*,U) = ^a,(6;,6i6,(6*,U)) 

m 

= '^ai{b*p,bi) = ttp 

i.e. (Id ® Sp)Ar = Id. A similar computation shows that {ep (S> Id)Ar = Id, and ep is a 
counit of P. Sp is a right convolution inverse of Idp since 

1 — 1 n n 

n 

= 5^a,/7i(6;,6,[/2) = {\d®h;){RR-^) = U(6;,1a) = £p(ap)U 

From the fact that P is finite dimensional, it follows that Sp is an antipode of P. 

We shall prove now that the subalgebra Ar of A generated by H and P is finite dimensional. 

We shall use the pentagon equation. We have: 

m m 

R^'^R^^R^^ = ^ ttiUj (g) feiOfc (g) bjbk and R'^^R^'^ = '^ Uj Uibj (g) k 

i,j,k=l «,i=l 

Applying a* (g Id (g 6* to the pentagon equation we obtain 

m 

aubv= "^ {al,aiaj){bl,bjbk)biak 

i,j,k=l 

for all M, ti = 1, ■ ■ ■ , m. This formula gives that dim(y4^) < m^. 

2) Let us prove now that f : P* ^ H is an isomorphism of Hopf algebras. / is an isomorphism 

of vector spaces since /(«j) = X]i^i('^j> '^«)^« = ^j- The formula ( ]20|) can be rewritten as 

m 

KK = ^{(^*p*ra*q,aj)bj 

j=l 

which means that f[ap)f[a*^ = fi^a^ *r a*) for all p, q = l,---,m, i.e. / is an algebra 
isomorphism. Let us prove now that / is also a coalgebra map. We recall the definition of 
the comultiplication Ap.: 

Ap,{a;) = ^X^ ® X^ e P* (g) P*, if and only if {al,xy) = J2{X\x){X^,y) 

for all X, y E P. It follows that 

m 

= ^(a;, R^r^)R^ ® r^ = ^ (a^, 0^0^)6^ (g bj 

® Ah(6,) = (Ah o /)(«;) 
12 



>r^ 



i.e. / is also a coalgebra map. Hence, we have proved that / is an isomorphism of bialgebras 



and, as P and H are Hopf algebras, it is also a isomorphism of Hopf algebras (|16|). 

3) We remark that 

m 

F{aii^a*) = ^{a*,at)btai = bjtti 
t=i 

for alH, j = 1, • • • , m. The fact that F is an algebra map can be proved directly by using this 
formula; another way to proceed is to use the universal property of the Heisenberg double 
7i(P) for the diagram (^), with L = P, u : P —> A is the usual inclusion and v : P* ^ A is 
the composition v = foj, where f : P* —>■ H is the isomorphism from part 2) and j : H ^ A 
is the usual inclusion. We only have to prove that the compatibility condition (|^) holds, i.e. 

hv{g*) =v{h(i) ■g*)h(2) 
for any h E P and g* E P*, which turns out to be 

or, equivalent ly 

"^R^^hR^ = Y^ i?^/i(i) (g) i?2/i(2). 

This equation holds, as Ap{h) = R^^{1h ® h)R, for any h E P. 

Now let 7^ = Elli(ai#^p) ® (1a#0 be the canonical element of n{P) ® n{P). Then 

m m 171 

{F O F)(7^) = Y^ {ep, at)btai ^bi = J2 (K^ Whai 6^ = J] a^ ® 6^ = /?. 

i,t=l i,t=l i=l 

4) Consider the map 

m 

p = Pp : A -^ P A, p{a) = {1a ® a)R = ^ i?^ aR^ = ^ a^ (g) ah 

i=\ 

for all a E A. We will show that (A, -, pp) G ^Aip is a right-left P-Hopf module, where the 
structure of right P-module is simply the multiplication ■ of A. Indeed, for a G A we have 

(Id O p)p{a) = ^ i?^ O p{aR^) = ^ i?^ O r^ O aR^r^ 

= {1a (S)1a® a)R^''R^^ i (U ® U ® a){R^'')-^R'^R^^ 
= J2 ^^^^ ® U^R^r^ ®aR^ = J2 R'\'^A ® R^)R ® aR'^ 
= ^Ap(i?^)(g)aP^ = (Ap®Id)p(a) 

and 

m m 

^(erp, ai)abi = J^(6* , Ia)^^* = a 

i=l i=l 
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so {A, p) is a left P-comodule. The compatibility relation 

p{a)Ap{ai) = {1a ® a)RR^^{lA ® ai)R = {Ia ® aai)R = p{aai) 

holds for alH = 1, ■ ■ ■ , m and a E A. Hence, (A, -, pp) G ^ M.p and the coinvariants 

yl'=°(^) = {aeA\ p{a) = 1 ® a} = A^''' 

are the right i?-coinvariants of A. From the right-left version of the Fundamental Theorem 
of Hopf modules it follows that the multiplication of A, 

p : A^''' P ^ A, p{a®x) = ax 

defines an isomorphism of P-Hopf modules and, in particular, of right P-modules. We recall 
that A^'"^ ® P is a right P-module via {a ® x) ■ y = a® xy, for all a G A^'"^, x, y E P. It 
follows that A is free as a right P-module and, if A is finite dimensional, 

dim(A) = dim(P)dim(A^''^). 

In a similar way we can show that {A, -, p^) G h-M^ , where ■ is the multiplication of A and 

Ph : A-^ A^H, pnia) = R{a®lA) = ^R^a® R^ 

for all a G A. Moreover, A'^°^^' = A^'''. If we apply once again the Fundamental Theorem 
of Hopf modules (this time the left-right version) we obtain the other part of the statement. 
5)S=if®f)iR) = ET=ifici^)^fih), KS) = liR) and S~^ = Z f (U') ® f (U') . It follows 
that {/(cti) I i = 1, ■ ■ ■ , m} is a basis of P{B, S) and hence the restriction of / to P{A, R) 
gives an algebra isomorphism between P{A, R) and P{B, S) that is also a coalgebra map 
since 

(/®/)Ap(^,^)(a,) = J2f{U')f{R')®f{U')f{a,)f{R') 
= S-\l®fia,))S = Ap^p^s)ifiai)) 

for alH = 1, ■ ■ ■ , m. The last statement is obtain ioi B = A and f : A ^ A, f{x) = uxu^^ 
for all X G v4. D 



Corollary 2.2 Let A he an algebra and R E A® A an invertible solution of the pentagon 
equation. Then: 

1) R is unitary if and only if the subspaces A^'^ and A^'"^ are nonzero. 

2) If A is finite dimensional, then R is unitary. 



Proof. 1. We have proved in Remark |1.4| that if the spaces A^'^ and A^'"^ are nonzero, then 
R is unitary. Conversely, if R is unitary, the isomorphisms of vector spaces from part 4) of 
Theorem E.ll show us that A^"' and A^'"^ are nonzero. 
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2. Assume now that A is finite dimensional. From the construction of Theorem |2.1| we have 
that R E P®H. In particular, for any positive integer t there exist scalars aij G k such that 

m 

i?* = ^ aijtti ® bj (24) 

We shall prove now that R is unitary, i.e. 1a E P ^ H. As A is finite dimensional, A can be 
embedded into a matrix algebra A C Ainik), where n =dim(74). We consider 

ReA^Ac Mn{k) ® Mn{k) = Mn^k) 

As R is invertible, using the Hamilton-Cayley theorem in A^„2(A;), the identity matrix J„2 
can be represented as a linear combination of powers of R. Hence, using (p4|), we obtain in 
A® A a linear combination 1^ ® 1a = J2Tj=i lij'^i ® ^ji ^^ some scalars 7jj G k. Therefore 

m m 

1a = ^ ai{l*A, -fijbj) = Y^ (1^, -fijai)bj ePnH 
i.e. R is unitary. D 



Let i? be a unitary invertible solution of the pentagon equation. We have seen in Theorem ^A 
that the subalgebra A^ generated by the coefficient spaces i?(;), R(^r) is finite dimensional 
and, of course, we can view R G A^ ® A^. From this reason, in studying of the unitary 
invertible solutions of the pentagon equation, it is enough to focus on the case when the 
that the algebra A is finite dimensional. In this case, the unitary condition of R follows 
automatically. 



Using Theorem [T^ and Theorem p.l| we obtain the following Corollary, which is the algebraic 
version of 0, Theorem 4.7]: the role of the operator Vs is played by the canonical element 
of a Heisenberg double. 

Corollary 2.3 {A, R) G Pent if and only if there exists a finite dimensional Hopf algebra 
L and an algebra map F : 7i(L) -^ A such that R = {F ® F){TZ). 



Remark 2.4 Let [A, R) G Pent . It follows from Corollary |2.3| and Proposition |1.1| that 
there exists an algebra map F : J^rn{k) -^ A, where m = 1{R); F is injective since A^m(fc) 
is a simple algebra. Let 7^ aij = F{eij) G A, i, j = l,---,m; then aijaki = djkttn and 
1a = YliLi'^ii- It follows from the Reconstruction Theorem of the matrix algebra ( |T0| , 
Theorem 17.5]) that there exists an algebra isomorphism 

A = AirniB), where B = {x E A \ xa-ij = aijX, Vz, j = 1, ■ ■ ■ , m}. 

Hence A is a noncommutative algebra if R is non-trivial {1{R) > 1 or, equivalently, R 7^ 
1a ® 1a)- Furthermore, dim(A) = m^dim(i?) and hence, l{R)'^\dim[A). 
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We are now going to describe the space of integrals of the Hopf algebras P = P{A, R) and 
H = H{A,R), where {A, R) G Pent . Since A is free as a right P-module and as a left 
ff-module, there exists 

Tip : A ^ P, (respectiv tth : A ^ H) 

a non-zero right P-linear (respectiv left if-linear) map. 

Proposition 2.5 Let {A, R) E Pent . Then: 

1) np{a) is a right integral in P{A, R) for any right R-invariant a G ^'"^A. 

2) TiH{a) is a left integral in H{A, R) for any left R-invariant a G ^'''A. 

Proof. 1. a is a right /^-invariant; hence, YllLi '^'^i ® h = a ® 1a- If we apply 6* to this 
equality we get that aap = (6*, Ia)^ = £p{cip)a, for any p = 1,- ■ ■ ,m. As (aj) is a basis of 
P, we obtain that ax = ep{x)a, for all x G P. If we apply the right P-module map Tvp to 
this, we obtain that 7rp(a) is a right integral of P. 
2. Left to the reader. D 

3 The structure and the classification of finite dimen- 
sional Hopf algebras 

We shall now prove the following Spliting Theorem: 

Theorem 3.1 Let L be a finite dimensional Hopf algebra. Then there exists an isomorphism 
of Hopf algebras 

L^P{niL),n) 

where TZ is the canonical element of the Heisenberg double 7i{L). 
Proof. Let {cj, e* \ i = 1,- ■ ■ , m} be a basis of L and 



^ = X](^^#^^) ® (i^#<) ^ ^(^) ® ^(^) 



i=l 



the canonical element. We have to prove that the Hopf algebra P{T-C{L), TZ) extracted from 



part 1) of Theorem |2.1| is isomorphic to L, with the initial Hopf algebra structure, (l '■ L 



H{L), ii{l) = l^f^L is an injective algebra map. We identify 

L = Im(zi) = L#£i. 

From the construction, P{H{L),7V) is the subalgebra of ^{{L) having {eiij^eL)i=i,-,m as a 
basis; i.e. there exists an algebra isomorphism L = Im(zi) = P{7i{L),TZ). It remains to 
be proven that the coalgebra structure (resp. the antipode) of P{H{L),7t) extracted from 



Theorem |2.1| is exactly the original coalgebra structure (resp. the antipode) of L. As the 



counit and the antipode of a Hopf algebra are uniquely determined by the multiplication 
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and the coinultiplication, the only thing left to be shown is the fact that, via the above 
identification, Ap = Ai. This means that 

or equivalently, 

7^Ai(e,#ei) = ((1l#£l) ® (e.#£L))7^. 

Now we compute 

m 
m 

= ^^i^ji^^L) ® (ei(2)#ei(,j ■ e*) 
On the other hand 

m 

7^AL(e,#ei) = ^((e,#£z.) ® (lL#e*)) ((e,(,)#£L) ® (e.(,)#5L)) 

m 

Hence, we have to show the formula 

m m 

Y^ CjCi^^^ (g) ei,2) ® e* = ^ Cj- ® ei,,j e^,^, ■ e* (25) 

i=i i=i 

Let us set the indices a, b, k = 1, ■ ■ ■ , m, and evaluate (^) at e* ® e^ Cfc. (^) is then 
equivalent to 

m 

and this is easily verified using the dual basis formula. It follows that Aj^ = Ap and 
L ^ P{n{L),n) as Hopf algebras. D 

We have now arrived at the Structure Theorem for finite dimensional Hopf algebras. Let 
L be a finite dimensional Hopf algebra. Proposition |1.1| proves that there exists an algebra 
isomorphism 7i(L) = Ain{k), where n = dim(L). Via this isomorphism the canonical 
element TZ G 7i(L) ®7i{L) is viewed as an element of A^„(A;) ® M.n{k), or as a matrix of 
Ain'^ik). We shall now give the data which shows us how any finite dimensional Hopf algebra 
is constructed. Let R G A^„(/c) ® M.n{k) be an invertible solution of the pentagon equation. 
We write R = ^^i Ai ® Bi where m = 1{R); then the sets of matrices {Ai \ i = 1, • • • m} 
and {Bi | z = 1, ■ ■ • m} are linearly independent over k. Let {B* \ i = 1,- ■ ■ m} be the dual 
basis oi{Bi\i = l,---m} and U = R-^ = ^U^0U\ 
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The Hopf algebra P{J^n{k),R) will be denoted for simplicity by P{n,R) and is described 
as follows: 

• as an algebra, P{n, R) is the subalgebra of the n x n-matrix algebra Ain{k) with {Ai \ i = 
1, • ■ ■ m} as a fc-basis; 

• the coalgebra structure and the antipode of P{n, R) are given by the following formulas: 

A: P{n,R) ^ P{n,R)0P{n,R), A{Ap) = R-\ln Ap) R (26) 

6 : P{n, R) ^ k, e{Ap) = {B;, Q (27) 

S : Pin, R) ^ P{n, R), SiAp) = ^^(S;, U')U' (28) 

for all JO = 1,- ■ ■ ,m. The dual of P{n, R) is the subalgebra H{n, R) = H{Ain{k), R) of the 
matrix algebra Ain{k) having {Bi \ i = 1,- ■ ■ m} as a /c-basis and the comultiplication given 

by 

A/ : H{n, R) -^ H{n, R) ® H{n, R), Ai{Bp) = R{Bp ® QR'^ 
for all p = 1, ■ ■ ■ ,m. 



Theorems |2.1| and q^ imply the following Structure Theorem for finite dimensional Hopf 
algebras. 

Theorem 3.2 L is a finite dimensional Hopf algebra if and only if there exists a positive 
integer n and an invertible solution of the pentagon equation R G Ain{k)®Ain{k) = Ain'^ik) 
such that L = P{n, R). Furthermore, 

n 

Let 77, be a positive integer. The algebra isomorphism 7i(L) = A^dim{L)(^) and Theorem pTT| 
show us that an n-dimensional Hopf algebra L is isomorphic to a P{n, R) for R G Ain{k) ® 
Ain{k) an invertible solution of the pentagon equation such that 1{R) = n. Overall, each 
solution of the pentagon equation belonging to M.n{,k^) ® M.n{k) determines a Hopf algebra, 
the dimension of which is not necessarily n, but a divisor of n^ based on the Lagrange formula 

m- 

We are now going to prove the Classification Theorem for finite dimensional Hopf algebras. 
Let Pent ,^ be the set 

Pent ^ = \Re MJk) MJk) \ (MJk),R) G Pent and l(R) = n}. 



Theorem 3.3 Let n be a positive integer. Then there exists a one to one correspondence 
between the set of types of n- dimensional Hopf algebras and the set of the orbits of the action 

GLjk) X Pent „ -^ Pent „, {u, R) -^ {u^ u)R{u0 u)~^. (30) 
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Proof. In part 5) of the Theorem |2.1| we proved that there exists a Hopf algebra isomorphism 
P{n,R) = P{n,^R) for any R G Pent ^ and u G GLn{k), which means that all the Hopf 
algebras associated to the elements of an orbit of the action (|30D are isomorphic. We shall 
now prove the converse. First we show that two finite dimensional Hopf algebras Li and L2 
are isomorphic if and only if (H{Li),71li) and (H{L2),71l2) are isomorphic as objects in 
Pent . The "only if part follows from Theorem |3.1| and part 5) of Theorem p.l| . It remains 
to prove the "if part. Let / : Li ^ L2 be a Hopf algebra isomorphism. Then, f* : L2 —>■ LI, 
/*(/*) = /* o / is an isomorphism of Hopf algebras and 

/ : n{L,) ^ n{L2), f{hn*) ■■= f{hmn-\h*) = f{h)n* ° T' 

for all /i G Li, /i* G LJ is an algebra isomorphism between the two Heisenbergs. On the 
other hand, if {ej,e*} is a dual basis of Li, then {/(ej),e* o /~^} is a dual basis of L2 
and hence (/ (S> f){'R-Li) = T^L2i and this proves that / is an isomorphism in Pent . Let 
ni = dim(Lj), i = 1,2. Using Proposition |0| we obtain that {Tii^Li) ,1Zl^) = (T-C{L2),71l2) 
if and only if (A^„j(A;), Ri) = {Ain2{k), R2) in Pent , where Ri is the image of IZl^ under the 
algebra isomorphism 7i{Li) = A4n^{k). Now, the two matrix algebras ^Anl{k) and ^An2{k) 
are isomorphic if and only if ni = 77-2 and the Skolem-Noether theorem tells us that any 
automorphism g of the matrix algebra Aimik) is an inner one: there exists u G GLn^{k) 
such that g{x) = gu{x) = uxu^^. Hence we obtain that (7W„i(^), -Ri) — {,M.n2{k) , R2) in 
Pent if and only if ni = 77,2 and there exists u G GLn^{k) such that R2 = {g-u. ® 9u){Ri) = 
{u (g) u)Ri{u ® m)~\ i.e. i?2 is equivalent to i?i, as needed. D 

We shall conclude with a few examples, evidencing first of all the general method of deter- 
mining invertible solutions of the pentagon equation R G 7W„(A;) ® M.n{k). Let {eij)ij=i^n 
be the canonical basis of Ain{k)- An element R G A4n{k) ^Ain{k) can be written as follows 

n 

R=^ eij ® Aij (31) 

for some matrices Aij G A^„(A;). Using the formula ([T|), R viewed as a matrix in Ain'^{k), is 
given by -R = {Aij)ij=i^...^n, and we can quichly check if R is invertible (det(i?) 7^ 0). Let us 
clarify the condition for i? to be a solution of the pentagon equation. Taking into account 
the multiplication rule among the elements (eij) we have: 

n n 

It rC it = y eip 09 Aijers ® AjpAfg and tc ri ^ y eip 09 eab^ip q<) A^b- 

i,j,p,r,s=l a,b,i,p=l 

Hence, R is a. solution of the pentagon equation if and only if 

n n 

/ ^ ^abAip Aab = / ^ Aijers ® AjpA^s ['^^j 

a, 6=1 i,r,s=l 



or equivalently, 



R{Aip ® /„) = {J2 ^v ® ^ip)^ (33) 
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for all i, p = l,---n, which can be viewed as an equation in A1„2(A;). We record this 
observation in the following: 

Proposition 3.4 Let n be a positive integer and R = (Aj)j,j=i,n G A^,„2(A;) = J\An{k) ® 
M.n{k), an invertible matrix. Then R is a solution of the pentagon equation if and only if 

n 

J2 Aj ® Ajp = R{Aip (g) In)R~^ (34) 

3=1 

for all i, p = 1,- ■ ■ ,n. 



Examples 3.5 1. Let n be a positive integer, A = 621 + 632 + ■ ■ ■ + ^n,n-i + ^in ^ M.n{k) 
and Aij = 5ijA^~^ for all i, j = 1,- ■ -n. Then 

/^ = en O 4 + 622 O A + ■ ■ ■ + e„„ ® ^""^ e Mn{k) ® Mn{k) 



is an invertible solution of the pentagon equation and P{n, R) = (kG)*, the Hopf algebra of 
functions on a cyclic group with n elements G. Indeed, the pentagon equation (^) becomes 

R{Au ® 4) = {An ® Au)R 

for alH = 1, ■ ■ ■ , n. As A^ = A^~^, it is enough if we prove that R{A ® /«) = {A ® A)R. 
Using the expression of A and the fact that A" = J„, we have 



n-l 



R{A ® /„) = (A® A)R = ein®In + e2i®A + --- + e„,„_i ® A 

i.e. ( |33D holds and R is an invertible solution of the pentagon equation. It remains to prove 
that P{n, R) ^ (A;^)*. We shall prove that H = H{n, R) ^ kG, the group algebra of G and 
then use the duality between P{n, R) and H{n, R) given by Theorem |2T^. We remark that R 
is already written in the form R = Y17=i A®-^*? where [Ai) and {Bi) are linearly independent. 
Then H{n, R) is the commutative subalgebra oi A4n{k) with {/„, A, A? , ■ ■ ■ , A""^} as a basis. 

Using (pD, (II) and the fact that R'^ = en ® /„ + 622 ® A"-^ H h e„„ (g) A, we obtain 

that the comultiplication, the counit and the antipode of H are given by 

Ah{A)=A^A, eH{A) = In, Sh{A) = A''-' = A-' 

i.e. H = kG. 

2. Let R e Miik) (g) M^ik) given by 

R = (en + 644) ®h + (622 + 633) ® (ei2 + 621 + 634 + 643) + 613 (g) (631 - 642) + 624 ® (e4i - 632) 

Then R is an invertible solution of the pentagon equation H{A, R) = H4, and hence P(4, R) = 
HI = if 4, where H4 is the Sweedler four dimensional noncommutative noncocommutative 
Hopf algebra. 

The proof is similar to the previous example (we left to the reader to check the pentagon 
equation (^) for R). The inverse of R is 

R~^ = (en + 644) (g 4 + (622 + 633) ® (ei2 + 621 + 634 + 643) + 613 (g (641 - 632) + 624 ® (624 - 631) . 
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and therefore the Hopf algebra H{4, R) is the four dimensional subalgebra of Ai^i^k) having 

{I4, ei2 + 621 + 634 + 643, 641 - 632, 631 - 642} 

as a A;-basis. Now, writing x = e^i — 642 and g = e^ + 621 + 634 + 643 we find that 

x^ = 0, g"^ = h, gx = -xg = 641 - 632 

On the other hand, the formula of the comultiplication of H{4,R) given by (p!8D, namely 
A{A) = R{A (g) I4)R~^ for all A E H{A, R), gives, using the expression of R~^, 

^{g) = g^g, A{x) =x®g + h^x 

i.e. H(4, R) = H4^, the Sweedler four dimensional Hopf algebra. 

4 Conclusions and outlooks 

The study of the pentagon equation, together with a few classic results in algebra (the 
Fundamental Theorem for Hopf modules, Morita theory and the Skolem-Noether theorem), 
have led us to the Structure and Classification theorem for finite dimensional Hopf algebras. 



Theorem |3.3| opens a new road for describing the types of isomorphisms for Hopf algebras 
of a certain dimension. The first step, and the most important, is however the development 
of a new Jordan type theory (we called it restricted Jordan theory). From the point of 
view of actions, the classical Jordan theory gives the most elementary description of the 
representatives of the orbits of the action 

GLn{k) X Mn{k) -^ Mn{k), {U, A) -^ UAU'K 

The restricted Jordan theory refers to the following open problem: 
Problem: Describe the orbits of the action 

GLn{k) X {Mn{k) ® Mn{k)) ^ Mn{k) ® Mn{k), {U, R) ^ {U ® U)R{U (E)U)-\ 

We recall that the canonical Jordan form Ja of a matrix A is the matrix equivalent to A 
which has the greatest number of zeros. For practical reasons, in the restricted Jordan theory 
we are in fact interested in finding the elements of each orbit that have the greatest number of 
zeros. Of these, we retain only those which are invertible solutions of the pentagon equation. 
The set of types of n-dimensional Hopf algebras shall be those Hopf algebras associated 
(using Theorem p.2| ) to the solutions of length n (or, equivalently, the space of coinvariant 
elements is n-dimensional); all other Hopf algebras will have a dimension that is a divisor of 
n^. We mention that, as a general rule, the set of types of r?,- dimensional Hopf algebras is 
infinite (this was proved recently in |]l|, [^, 0). If however we limit ourselves to classifying 
certain special types of Hopf algebras, then this set can be finite. For instance, the set of 
types of n-dimensional semisimple and cosemisimple Hopf algebras is finite ( |]14| ) . 
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